Abstract. Let K be a Banach space, B a unital C * -algebra, and π : B → L(K) an injective, unital homomorphism. Suppose that there exists a function γ :
Introduction and basic definitions
Let B be a C * -algebra, K a Banach space, and π a representation of B as an algebra of bounded operators on K. We obtain a sufficient condition, suggested by the notion of adjointable map in the theory of Hilbert modules, for the identification of the spectrum of an element b ∈ B with the spectrum of the operator π b in L(K), the Banach algebra of all bounded operators on K. When B is a W * -algebra, we show that in the presence of a strengthened form of this condition, the Taylor spectrum of a commuting n-tuple (b 1 , . . . , b n ) of elements of B equals the Taylor spectrum of the n-tuple (π b1 , . . . , π bn ) in L(K). This is true, in particular, if K is a Hilbert A-module over a unital C * -algebra A, B is the algebra B(K) of adjointable operators on K, and π is the inclusion of B(K) in L(K), whenever B(K) is a W * -algebra. Our Taylor spectrum results are based on arguments of Curto [Cu1] .
In the case of the left regular representation of B we show that if K is a closed subspace of a unital C * -algebra A which contains B as a unital C * -subalgebra, such that (i) BK ⊆ K and (ii) bK = {0} only if b = 0, then for each b ∈ B the spectrum of b in B equals the spectrum of the operator of left multiplication by b in L(K). This result can be viewed as a generalization of the standard spectral permanence result for C * -algebras, which, in effect, is the case K = A. It also follows as a special case that if A is a unital C * -algebra and J is an essential closed left ideal in A, then an element a of A is invertible if and only if left multiplication by a on J is bijective, which was a question left open in [DLW] . We also include an independent proof of this last result (for the case of an essential closed, two-sided ideal) using the multiplier algebra of J .
Our primary motivation arose from the study, begun in [DLW] , of conditional expectation operators on a C * -algebra. If Φ is a conditional expectation on the C * -algebra A with range B and kernel K, then BK ⊆ K, so defining π b to be left multiplication by b on K gives a representation π of B as an algebra of bounded operators on K. In [DLW] the case that π is injective was our principal focus, and it was shown that if, in addition, B is abelian and π and B are unital, then
We used an old result of Rickart [R] on spectral permanence:
. Let A be a Banach algebra, and B a C * -algebra which is alge-
where the overbar denotes complex conjugation).
The present work also uses Rickart's result as its starting point, and shows that the hypothesis that B is abelian is not needed.
Much of [DLW] is devoted to the study of the algebra D of operators D a on A defined by D a x = Φ(a)x − aΦ(x). These operators map A to K, and may be useful in studying the structure of K. In [DLW] it is shown, as a consequence of the result quoted above, that when B is abelian and π and B are unital, the spectrum of the operator D a is {0} ∪ σ B Φ(a). (This generalized a result of [LW] in a measuretheoretic setting concerning certain operators D f defined on L 2 (X, S, µ) by the same formal identity, where (X, S, µ) is a complete σ-finite measure space, T is a sub-σ-algebra of S, and Φ is the classical conditional expectation from L 2 (X, S) to L 2 (X, T ), namely that the spectrum of D f is {0} ∪ ess. range Φ(f ).) Again, the present work shows that the abelian hypothesis is unnecessary.
We begin with the following definitions.
For some of our results we will need a more specialized type of Cauchy-Schwarz function.
Definition 2. Let K be a normed linear space. A Cauchy-Schwarz function of semilinear type on K is a Cauchy-Schwarz function γ such that there exist a vector space Y; a function ·, · : K × K → Y satisfying λk 1 , k 2 = k 1 , λk 2 and 
Thus, if γ is of positive definite type, then also 0, · = 0.
Example 2. Let A be a C * -algebra and E a Hilbert A-module, i.e., an A-module which is also a complex vector space equipped with an A-valued inner product (·|·) that is sesquilinear, positive definite, and respects the module action, and which is complete with respect to the norm defined by x 2 = (x|x) . (See [W-O] for a discussion of Hilbert modules.) If γ 2 is defined by γ 2 (x, y) = (x|y) for x, y ∈ E, then γ 2 is a Cauchy-Schwarz function for E of positive definite type.
Example 3. Let H be a Hilbert space, X a compact Hausdorff space, and K = C(X, H) with the norm defined by
Definition 3. Let γ be a Cauchy-Schwarz function on a normed linear space K. If C is a subalgebra of L(K) with an involution * , then C is called γ-symmetric if, for all T ∈ C and
. If A is a Banach algebra, γ a Cauchy-Schwarz function for A, and B a subalgebra of A with an involution such that γ(
Example 4. In Example 1 above, let K = A. Let B be a C * -subalgebra of A and let C be the image of the left regular representation of B on A with the involution induced by B. Then C is γ 1 -symmetric.
Example 5. Let E be a Hilbert module and C a self-adjoint subalgebra of the algebra of adjointable maps, i.e., the maps T : E → E for which there exists a map T * : E → E such that (T x|y) = (x|T * y) for all x, y ∈ E. Then C is γ 2 -symmetric, where γ 2 is defined as in Example 2.
Example 6. Let H be a Hilbert space, X a compact Hausdorff space, and let 
For convenience, the proof of this theorem is divided into two propositions. Proposition 1. Let K be a Banach space, γ a Cauchy-Schwarz function for K, and C a subalgebra of L(K) containing I which is a C * -algebra with respect to some involution and some norm.
Proof. By Theorem 0, it suffices to show that for all T ∈ C,
so that T * − λI has closed range. It remains to show that the range of T * − λI is dense.
For all positive integers n,
If {k n } is not bounded, there is a subsequence, denoted again by {k n }, such that k n → ∞. Dividing ( * ) by k n and using the fact that T * − λI is bounded below, one sees that
But T − λI is invertible, so this is impossible. Thus {k n } is bounded. Therefore, the right side of ( * ) converges to k as n → ∞ so that k is in the closure of the range of
and if with this involution π(B) is γ-symmetric, then π is an isometry. (In particular, π(B) is a unital C
* -algebra which is isometrically * -isomorphic to B.)
By symmetry, this last inequality is actually an equality. Also, by taking the supremum over vectors k of norm 1 in ( * * ) we see that
Since π is a homomorphism, this shows that π(B), with the involution defined in the statement of the proposition, is an algebra whose norm satisfies the C * -algebra property. Since π is injective, it follows that defining |b| to be π b gives a second norm on B which satisfies the C * -algebra property. Thus, the identity map is an injective * -homomorphism from B to the C * -algebra which is the completion of (B, | |), hence the identity map is an isometry, hence for each b ∈ B, b = π b .
Some corollaries
Our first corollary is a result on invertibility of adjointable operators on Hilbert modules. Corollary 1. Let E be a Hilbert module and B(E) the C * -algebra of adjointable
Proof. In view of Example 2, this corollary follows immediately from Proposition 1. 
then γ is a Cauchy-Schwarz function on K, π is an injective, unital homomorphism, and π(B) is γ-symmetric.
Recall that an essential ideal in a C * -algebra is an ideal whose only left annihilator is 0. Combining Corollary 2 and Corollary 3, we obtain the following result. If A is a C * -algebra and B is a C * subalgebra of A, then B is a γ-symmetric subalgebra if γ is the Cauchy-Schwarz function defined by γ(a 1 , a 2 ) = a * 1 a 2 . Thus the following result should be compared with the usual spectral permanence theorem for C * -algebras on the one hand and Rickart's theorem (Theorem 0) on the other hand. 
Corollary 5. If A is a unital Banach algebra, γ a Cauchy-Schwarz function for

. , T n ) of elements of C is Taylor invertible in L(K) if and only if T is invertible in L(K).
Theorem 3. Let K be a Banach space, γ a Cauchy-Schwarz function of positive definite type for K, B a unital W * -algebra, and π : B → L(K) an injective, unital homomorphism such that π(B), with the involution defined by
By virtue of Examples 2 and 5, Theorem 3 applies in particular when K is a Hilbert A-module over a unital C * -algebra A, B is the algebra B(K) of adjointable operators on K which is assumed to be a W * -algebra, and π is the inclusion of B(K) in L(K). For example, B(K) is a W * -algebra whenever A is a W * -algebra and K is a self-dual A-module [Pas] .
The proof of Theorem 2 follows the outline used by Curto, and requires the following lemmas. Using Lemma 1 and Lemma 2 we observe that Curto's argument in [Cu1] yields the following generalization of his Proposition 3.4. 
Now we can proceed to prove Theorem 2.
Proof of Theorem 2. Suppose T is an n-tuple of elements of C, and that T is Taylor invertible in L(K). Let n k = ( n k ) and let {D k } be the operators of the Koszul complex used in the definition of Taylor spectrum. Then, viewed as matrices over L(K), each D k is a matrix whose entries lie in C. Thus by Proposition 3,
Since the matrices T * T and T T * are block-diagonal matrices whose diagonal entries are, respectively, the L k 's with k even and the L k 's with k odd,
, then so are T * T and T T * , hence so is each L k . Thus by Proposition 3, T is Taylor invertible.
Remark. A careful reading of Curto's proof of his Proposition 3.4 shows that the implication (L
Proof of Theorem 3. For each positive integer d, π induces an injective, unital ho-
n , then by Theorem 1 and Theorem 4,
Remark. We have not succeeded in eliminating the W * -algebra hypothesis in Theorems 2 and 3, even though, as shown in [Cu2], Curto's results do not require this assumption. We conjecture that Theorems 2 and 3 remain true for arbitrary unital C * -algebras.
The non-unital case
When K is a Banach space with a Cauchy-Schwarz function of semilinear type, Theorem 1 can be generalized to the case that either B is not unital or π is not unital.
If B is a C * -algebra, we denote by B + the set B × C equipped with pointwise sum and adjoint and the product defined by (a, λ)(b, µ) = (ab + λb + µa, λµ). It is well-known that B + can be normed so as to become a C * -algebra. (We refer to [W-O] 
This contradiction shows that
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 6. A multiplier algebra proof of Corollary 4
Finally, we give a second proof of Corollary 4, for the case that J is a closed, essential two-sided ideal, which is independent of the notion of Cauchy-Schwarz function. This result may be known to the experts, but we were unable to find any reference to it in the literature. The properties of the multiplier algebra which we use can be found in [W-O] .
Let M(J ) be the multiplier algebra of J . Then M(J ) is a unital C * -algebra containing J as an essential ideal, and there is a unique, injective, * -homomorphism µ : A → M(J ) such that µ restricted to J is the identity. If we consider J as an algebra of bounded operators on a Hilbert space H, and arrange matters so that the linear span, [J H] , of J H is dense in H, then M(J ) can be identified with {t ∈ L(H) : tJ ⊆ J , J t ⊆ J }. In particular we may suppose that J ⊆ A ⊆ L(H).
Suppose now that a ∈ A and that L a , the operator of left multiplication by a on J , is a bijection of J . Then L Since L a is surjective and taj = j for all j ∈ J , it follows that tJ ⊆ J . We next show that jt ∈ J for each j ∈ J . Let k ∈ J . Then jtk = j lim w λ k = lim(jw λ )k. Let m = lim(jw λ ). If ξ = k ν (ξ ν ), then
Thus jt = m, so that jt ∈ J . It follows that t ∈ M(J ), and that for all j ∈ J , taj = j and atj = aL −1 a j = j. Thus a is invertible in the unital C * -algebra M(J ), hence a is invertible in A.
